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NATIONAL ADVISORY COMMITTEE FOR AERONAUTIOS
TECHENICAL NOTE NO. 203

A NETHOD FOR DETERMINING THE COLUMN CURVE
FROLi TESTS OF COLUMNS WITH EQUAL RESTRAIHTS
AGAINST ROTATION ON THE EXNDS
By Eugene E, ILundquist, Carl A. Rossman,

and John 0, Houbolt

SUINARY

The results are prosented of a theoretical study for the
detérmination ' of the column curve from tests of column
epeclmens having ends equally restrained against rota—
tion., The theory of this problem ie studied and a curve
is sliown relating the fixity coefficient ¢ to the
critical load, the length of the column, and the magni~
tude of the elastic restraint. A method of using thie
curve for tho determination of the column curve for col—
unns with pin ends from tests of columns with elastically
restralned ends 1s presented. The results of the method
a8 applled to a2 series of tests on thin—strip columans of
stoinless steel are almo given.

INTRODUGTION -

It is falrly comaon practice for engineers to assunme
that a given fixture or restraining member at the end of
a column provides a column fixity coefficlent ¢ that is
constant for columns of different lengths and eizes of
coluun cross sections., 1In reality, however, the fixity
coefficient ‘depends .upon both the dimensions of the col~
unn ond the restraint offered by the restrailning member;
therefore, a nore correct procedure, theoretically, would
be to assume that a given fixtute or restraining membder
at the end of the colunmn provides, rather than a given
fixity coefficient, a restraining stiffness agninst rota—
tion that is independont of the dimensions of the colunmn.
A mothod for determining the column curve for thin sheet
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material that is basod upol .considerations of the restrain-
ing stiffness and that shows promise of successful devel-—
opment involves meunting each end of a small column
specimon in wpecial end fixtures of .the. genoral type shown
in figure 1. The specimen with end fixtures attached is
then londed by axially compressing the assembly until the
specimon fails by instability as an ordinary oolumn,

The epoclal end fixtures on the celumn opecimen in
figure 1 tond to produce.a condition.opproaching that of
cempletely fixed ends, Actually, the elasticity of the
clanping fixtures and -of the specimen does not permit con—
pletely fixed ends and, as a consequence, the column
fixity coefficient o which is 1 for pin ends and 4 for
fixed ends, will bo slightly less than 4.

Tho method of analyzing test data to obtain the
column curve- for any thin sheet material, tested in the
nanner doscribed, 1s presented -herein. UColumn curves that
‘have been dtormined in ‘thig manner for a- aeries of stain—
~lesa—otoel epeoimens are aleo presonted..

- .
o

DETERHINLTIOH 0? GOLUHN GURYI TOB c=1

g The;column_curvqu- tha$ 1:..ueually plotted for any
material is the curve for pin—endéd columns, ¢ = 1. In
order to obtain the column curve-from tosts employing the
ond fixturos shown in figure 1, the value of the celumn
fixity coefficient ¢ must be determined, This coeffi—
cient o can be deternmindd’dy¥ use of the curve of figure
2 provided the length of the column L, tho experimental
critical buckling load of the column Pcr- and the re—

“straining" stiftnous of theé end- fi:tures m (uasumed to
be the same' at “each- and), are known. The ourve shown in
figuro 2" 1s the graph of the equation

e I f)

vhich hae been detarmined through consideration of the
stability ‘ef a. eolumn having onds oqunlly reotrained.
against retation ,and’ ‘1§ .2 special case of .the general solu—
.tion) given by egﬂation (1—13) in” the appendix.
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After the value of ¢ has been found, tho effective
value of thao slsnderness ratio L/p for the fixity coef—
+ficiont ¢ ='1 can be detorminod by use of ths following
relation: : ; = ;

(ﬁ§)eff =~ﬁ? <-;‘r;_)oxp

where

1)

effsctive slendernes ratio for ¢ =1
P/esrt . ;

> actual slendorness ratio of tested célumn
exp

[+] radius of gyration of column

The colunn curve for pin ends is obtained by ploﬁting

Peor/A against (%&) for the specimens tested, where
eff

A 18 the cross—sectional area of tho specimen.
- EVALUATIOK OF RESTRAINT nm

" Bofore the fixity coefficient o. can be eévaluated
by the procedure given in tho foregoing section, the valuo
of the restraint m ‘of each end fixture must be known.
In tho cese of the end fixture of figure 1, the specimecu
is so narrow compared to the width of the fixture that
probably only a part of the fixturs i1s olastically re—
stralning tho rotation of tho ond of tho specimen. It is,
therofore, likly that tho restraint m depsnds oan the
width of the spocimen and should bo evaluated for dach
difforent width, The value of = for any group of column
specinons of the same width and thicknoss can be detor—
mined from the test data for the longer specimens of the
group, bocause tho critical compressive stross for these
spocimens 18 low and lles within the elastic range where
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the effective modulus £ 48 equal to Young!s modulus E.
For theso longer test specimens, sll gquantitlos in the
Eulor colunn formula are known except ¢, Therofors

PopL?
e e (1)

w°E1l

Papl
Tho value of :r corresponding to this value of ¢ may

be found fror.the graph of figure 2; then = can Ye com—
putod because Pgr and I are known, When m has been
determined, the evaluation of o for the columns of
shorter lengths can be made as described in the preceding
sectlon,

In order to retain the degree of accuracy required
in computations, the curve of figure 2 should be plotted
to an onlarged scale. A4s an ald in preparing such a
curve, a set of coordinates of the curve is given in
tadble 1.

RESULTS OF TESTS OF STAINLESS—STEEL COLUMNS
OF TEIX SEEET MATERIAL

The method for determining the column ourve as de—
scribed in thils report has been applied to elght series —
designated 4, B, C, eto, — of stainless—steel column
specimens. The heat treatment and condition of loading
for each series 1s given in tadle 2, . The chemical analy—
sis for each series is as follows: :

+E O/ S T
¥ -
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Percentage composition
Chemical {. _ e Series

oloment |4, B, C,] E T | G and K
and D 3

Fe 71.925
c . . .08

Ha | .63

¥ .016 '

s : » 009 - > Yot

Si 45 avallable
8.71
Cr i 18.16
Cu .02
¥ o

The column tcsta were made of flat strips with the.
type of fixture shown in figure 1, The specimens were
logdod in a standard 100,000~round—capacity hydraulic
testing machine, The.heada‘of-the testing machine were
set narallel und the specimens were centered to produce
as nearly -an axial load condition a8 possible, The test~—
ing machine was of the two-screw type and the column
specimens were.so positioned that faillure would occur in
the plane of the screws of.the machine, as the stiffness
of the testing machine is grsatest in thie plane.

The values of H:were obtained from stress—strain
tests. of column specimons from each series of columns
tested. A tensile modulus was used in the analysis of
several series because it was not possible to determine
the oompreseive modulus., A4 summary of the values of E
and of restraint values 'm found for the different series
is given in table 2., 2 g .

Table 3 showl the oomputntions necessary to analyze
series A by the method outlined previously in this reportj
_the column curve for seriga A is shown in figure 3. Graphs
of tho results of the tests, in which critical stress has
been plotted against slenderness ratio for ¢ = 1, are

shown in figures 3 to 10.
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EFFECT OF ERRORS IN B onupgnivnn'ébxvun cunvn

The appl!cation of the procedurqs outliﬁod in ‘this
report’ to .the -data obtalned from the tests of the stain-
loss—cteel columne revealed that the accurucy “of the re—
sulting column curvo deponded on the choice of the value
of E used in the evaluation of the reotraint m. 4
study was therefore made to detormino the offoct that
errore in E would ha¥e on the final column curve, Tho
rosults of thils otudy rovealed that (uee fig. 11):

1. At uny value of (L/poeff :the ‘strese given by o

dorived oolumn curve bused upon a value of E omaller
thon the correct value will be 4n error' on the conserva—
tive or low sldo as compared with the curve derived by
ueing the correct value of X, For a given percentage
error in X, a low value of X will give, over the most
practical range of (L/plery, a emaller percentage srror

in column-etrese than will a.correspondingly high vulue
of E, :

2. The maxinmum percontugo error in- stress gtven by
a column curve derived by ueing an incorrect value of
E 1s greater than the percentage error in E (sees. .
fig. 11) It is’therefore important that the comprossion
noduluo for the matorial of the oolumn epecimena be ac~
curately known 1f a column curve ic derived by the method
glvon in thiu report.

3. If tho correct value of E 1is unknown and a oom—
monly csccepted value of X 1is assumed for wee in the. com—
putations, the analyeis uhould reveal the proeence of any
unreasonably large errors in thie- choicé of E, If the
value of E ie t0o large, the derived column curve.will
lie above the Euler ‘curve for this value.sf' E in’ the
range of intermedinte column longthe (see fis. 12),
the valud of E ueed 1in the .ovaluation of m from the
tost dats for ‘the longer opeoimens'of the’ group 1o suffi-—
clentl; loeq than the oorroot. yaluo of:: B, -the computed
value of the fixity ‘coofficlent, a8 given by oquut!on (1),
will bo groater than 4. o :
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Consideration of the feregoing facts indicatoe that,
1f tho value of E 1is uncertain tut ie known to lie
within 2 emall range, the loweet valuo in that rango
would be tho most euitadlo valuo to soloct for use in con—
puting the colunn curve of the material.

Langley Memorinl Aeronautical Labdboratoery,
National Advieory Committee for Aeronautics, .
Langley Field, Ya., June 10, 1943,

APPETDIX.

TEE STABILITY OF A COLUMN HAVING ELASTICALLY
RESTRAINED ENDS

Timoshenko hse obtained the expreseione for the ro—
tatione €65 and 0Oy at the ends of a member eubjeoted

to compreeeive forcee P and end momente 1y and Ny

{shown in flg., 13) by oolving the differential equation
exproseing the equilibrium of the bent member. These
expressione, given as equation (25) on page 13 of rofor—
onco 1, are: . oy ey

4 LG MpLF
a . b

{a-1
381 6XR1I $ l

ea=

HyLG HEIF
——— e
3BI. 6E1I

_§<_1__L
u \sin 2u 2u

8y = (4-2)

vhere

Bras i1 1
2u\2u tan 2u/ .
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P
= [ A—6
AR o ¢ : i

Ir the foregoing equatlons the symbdls'have the
following meaninge:

0ga, 0y rotations of the tangents to doflection curve
at the left and right onds, respectively, of
the momdber; positive =s shown 1in figure 13

Mg, Hy applied moments at the ieft and right ends,
respectively, of the memder as shown in fiz-—
ure 13

length of the memder

effective modulue of elasticity
moment of inertia of the colunn cross soction
axlal load acting on the membder

If the moments M, and My in equations (A-1) and

(A-2) arice as a reeult of rotation of the restraining
elenents that oppose the deflection of the memdber when it
bends and if, in addition, the reetralning momento are
proportional to the rotations of the restraining ‘elements,
respectively, the end moments acting on the memder can de
written

Hp = ~mp 8, (a-7)

iy = —nyp Oy (A-8)
where mg and my are the momente necessary to rotate
the restraining elements at the left and right ends of the

colurn, reepectively, through one radian.

Substitution of these valuee of Mz and My in
equations (A-1) and (A—~2) gives

(1 + E%) 0 + (F.—?’)eb‘: ° (A-9)
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T2 eg+ (1

(a-11)

€p (A-12)

Tho quuntities €5 and €p aro tho "restraint coeffi-

cient” at the left end right ende, reepectively, of the
compreeeion membder.,

Equations (A-9) and (A-10) are. linear sinultaneous
oquations which can be satiefied by taking 05 = 0p = 0.
The deflection at each point on the member ie then "zero
and the straight form of equilibrium of the momber ie ob-
tained. The buckled form of equilibrium of the member
becomes possible only if equations (A-9) and (A~10)
yield for 08, - and -0p eolutione different from sero,

which requires that the determinant of theee equationu
become zero, or .

(1 + % c,,) (1 »g q,) - (%-"a)(% cb> 0 (4-13)

The value of P that eatisfiee thie equation for neutral
stability of a member elaetically reetrained againet ro—
tation at each end is the critical load Peyr.

When the reetrainte at the ende of the column are
equal, mpy = mp =m and €, = €, = €, For thie case
equation (A~13) reducee to

AFDRICD]

Thie equation cannot be solved direcéiy'for Pers tho
eritical value of the load P, DbYecauee P occure in
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transcondontal sxpressions F and G. If P 1is regarded
as ‘known, howover, equation (A-14) yislds ae sclutions
for € two values

(A-15)

T +- (A-16)
6

which desoribo tvo mathsmatically possible buckling con—
figurations, The buckled shape that correlpondn to sach
of thsso oquations may be obtained by substituting the
value of ¢ in either equation (A-9) or equation (4-10).
From this ‘substitution of € ae given by equation (A-15)
it is found that 8g = -8y, which by ths ald of equa—

tions (Ap?) and (A=8) shows. that Mg = Hp. This type of

buckling ie represented by the bent membsr of figure 14(a).
Similarly, by substitution of ths value of € as givsn

by. equation (A—16) in either -squation (A4—9) or (A-10), it is
found that #g = 8b, . wvhich again by ths ald of nquations
(A=7) and (A-8) shows that = Hy. This type of buck-
ling i illuntrutod by figure 14(b)

Tho type of buckling shown .4in: figure 14(®) will occur
at o lowor load than tho type shown ih figuro 14(a) be—
cause of ths longsr wavs length involved. A column with
equal. elastlic rsstraints resisting rotation at ite ends
.will. ‘therefore ajopt the dugkling configuration shown in
figurs 14(b) at a load P = Pgyp that aatisfiee oquation(A-lﬁ)

When the values . of T and 6 as, given by equations
(A-5) and (A~4) ars eubetituted in equation (a-186) D the
following rslation is obtained:
2w (A-17)
21 -

© . tan -2-

From squetions (A-5) and (4—6)
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2u=fE SR (A-18)

By use of the relationship expressed by tho Eulor column
fornulsa, - . :

Por (A-19)

equation (A4-18) becones

2u = n/n

Equation (A-17) may therefore be exprossed as

—nJc
tan —anc (real?

e

This expression for the elastic restraint at the ends of
a column in terms of the fixity coefficient is shown
graphically in figure 15 in order to show that the varia—
tion in tho fixity coefficiont is small whon the restraint
is 1argo.

If the equations (A~11) or (A-12), which define ¢,
aro solvoed for EI/L wvhen mg = mp = m and this value
is substituted in equation (4-19), the Euler column
fornula can be written i

Por = 2;-"- (4A-22)

Substitution of the value of € as given by equation
(4A-21) in equatiorn (A—-22) gives

5 = mn\/? tan(%f@
L

(Fptiae

Hultiplication of both sides of this equation by L/m
results i the equation
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f_t;fﬁ = —nJ/c tan (—g— ﬁ) (4-23)

Bquation (A—23) relates the fixity coefficlent ¢ to the
critical load, the length of the column, and the magnitudc
of the elestic restraint, This equation 1s represented
graphically in figure 2,

REFERENCE

1. Tinoshenko, §.,: Theory of Elastic $tability. McGraw—
K11l Book Co,, Inc,, 1936. :
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Popl

TABLE.1.—~ VALUES OF _TE— AND CORRESPONDING VALUES OF ¢

—
P.L

| Forl
n .

o 3.29718 0.87342
2.8911 3.18358 .82544
1 22.7811 3.0%7200 «77740
18,0036 2 2,96222 72230
12.56572 2.R5420 .68120
10,4425 2.74758 .63301

8.9920 2.64247 .58486

7.9206 2.538562 .53658

7.0853 2.43581 48816

6.79802 2.33406 46401

6.53224 2.23322 %3972

6.28489 2.13326 +41554

6,06359 2.03401 39128

5.85651 2 1.93544 . 36704

0.,63180 1.83740 - 34269

5.43821 l,72380 .81839

5.,26432 1.64271 29406

5.07920 1,54594 «26966

4.91177 1.44946 34534

4.75145 1.40135 «22095

4.59737 1.36326 «19645

444916 1,30518 .17202

4.30697 1.25712 214753

4.16748 1,20918 12304

4.,03316 1.1611%7 098491

3,90272 1.11321 «073€21

3.775677 1,066256 . 049343

3.65200 1,01731 024617

3.63117 .96936 .000C00

3.41288 «92144
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Figare l.- Column and end fixtures assembly.
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Pigure 13.~ Bonding of a comprossed bar with couples
on the ends. (From reference 1.)
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Figuro l4.~ Buckling configurations of a compressed
bar with elastically restrainod ends.
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